Abstract In this paper, we proposed an procedure to construct the completion of the integrable system by adding a perturbation to the generalized matrix problem, which can be used to continuous integrable couplings, discrete integrable couplings and super integrable couplings. As example, we construct the completion of the Kaup-Newell (KN) integrable coupling, the WadatiKonno-Ichikawa (WKI) integrable couplingsis, vector Ablowitz-Kaup-Newell-Segur (vAKNS) integrable couplings, the Volterra integrable couplings, Dirac type integrable couplings and NLS-mKdV type integrable couplings.
Introduction
In 1968, Lax proposed the Lax pair approach for studying the KdV equation [1] . A Lax pair formulation is generally equivalent to a zero curvature equation [2] . An system of the partial differential equations (PDEs) or differential-difference equations (DDEs) is said to be integrable, if it is generated from a continuous zero curvature equation [3] 
a) mathssf@zjut.edu.cn or discrete zero curvature equation
where the squares matrices, U and V , are called a Lax pair, often comes from a matrix loop algebra [4] . How to seek for new integrable system is an important and interesting topic in the study of mathematical physics. Integrable couplings, which are the integrable coupled systems containing given system as their sub-systems, have much richer mathematical structures, such
as Hamiltonian structure, infinitely many symmetries and conservation laws of triangular form [5] - [15] . So integrable couplings becomes one of the important topics in the field of integrable systems. At present, based on the zero curvature presentation, a few approaches have been proposed for constructing integrable couplings, including perturbation, enlarging spectral problem and creating semi-direct sum of the Lie algebra. Mathematically, a continuous or discrete integrable system reads u t = K(u) = K(u, u x , · · ·)(orK(u, Eu, E −1 u)) = J δH 1 δu ,
the integrable couplings of integrable system (3) is a triangular integrable system of the following form [5] 
An example of the integrable couplings is the first-order pertubation [5] 
where K is the Gateaux derivative defined by K (u)[v] = ∂ ∂ε K(u + εv, u x + εv x , · · ·).
Non-semisimple Lie algebra can decomposed into the semi-direct sum of the semisimple Lie algebra and solvable, so semi-direct sum of Lie algebra lay a foundation for constructing integrable couplings. Now we consider the non-semisimple Lie algebra g consisting of the square matrices M (U, U 1 ) in the block form, i. e.
where U and U 1 are square matrices of the same order. This Lie algebra g possess the semi-direct sum decomposition g = g ⊕ g c , where g = M (U, 0) is semisimple and g c = M (0, U 1 ) is solvable.
The notation of semi-direct sum implies that the subalgebra g and g c satisfy [g, g c ] ⊆ g c , with
[., .] denoting Lie bracket of g. Also the closure property between g and g c under the matrix multiplication is required, that is to say gg c , g c g ⊆ g c .
In our paper, based on the non-semisimple Lie algebra g, we propose a method to construct generalized integrable coupled system
which can be reduced to the standard integrable couplings (5) . In this sense, we call the system (58) "completion of the integrable couplings ". In this paper, we will apply this method to continuous integrable couplings, discrete integrable couplings and super integrable couplings.Concretely, we construct the completion of the Kaup-Newell (KN) integrable coupling, Consider the generalized spectral problem
where the spectral matrix U is chosen as
here a nonlinear perturbation term h is added to the spectral matrix. When ε = 0, it reduces to the case of KN integrable couplings [16, 17] . From the above spectral matrix, we can work out the complete system of the KN integrable couplings. Now let us assume that W has the following form
and solving the stationary zero curvature equation
Further, let a, b, c possess the Laurent expansions:
Equivalently, the system (11) leads to the recursion relations
upon taking the initial data
To guarantee the uniqueness of {a i , b i , c i , d i , f i , g i |i ≥ 1} , we impose the conditions on constants of integration.
Thus, the first two sets can be listed as follows:
where the modification term m =
, δ m is undetermined function and P + denotes the polynomial part of P , the corresponding zero curvature equations
give rise to a hierarchy
Based on (12) and (15), we can have
So, we choose that δ m = 2εf m+1 , and generate the complete system of the KN integrable couplings:
A nonlinear equation in the above new system is given
−3εpqs(qr + ps) − 2ε 2 (ps + qr) 2 s + ε(ps + qr)q(2ps + qr).
Hamiltonian structure of the complete system
In the section, we will construct the Hamiltonian structure for the complete system (16) by using the variational identity [18] δ δu tr(W ∂U 1 ∂λ 
Balancing coefficients of the λ −2m−3 gives
Consider the case of m = 0, we have γ = 0. Thus, we have
The Hamiltonian structure can be given
with a Hamiltonian operator
and the Hamiltonian functions
Using recursion relations (12), we can obtain the recursion operator Φ = (
Thus, we show that all members in the hierarchy (57) are bi-Hamiltonian
where the second Hamiltonian operator is given by M = JΦ.
So, the soliton hierarchy (57) is Liouville integrable. Particularly, it possesses infinitely many commuting conserved functions and symmetries:
These commuting relations are also consequences of the Virasoro algebra of Lax operators [19] .
Completion of the WKI integrable couplings
Consider the following generalized spectral problem
with the spectral matrix U as follows
Here, a nonlinear perturbation term h is added to the spectral matrix. When ε = 0, it reduces the case of WKI integrable couplings [20, 21] . From thus spectral matrix, we can work out the complete system of the WKI integrable couplings by standard procedure.
Solving the stationary zero curvature equation
Equivalently, the system (25) leads to the recursion relations
From (26), we can find that the initial data satisfy
and a m+1 , e m+1 have the recursion relations
To guarantee the uniqueness of
, we impose the conditions on constants of integration
From (26) to (28), we can have
where
Thus, the corresponding zero curvature equation (2.2) give rise to a hierarchy
Based on (26) and (30), we can have
So, we can choose
, and generate the complete system of the WKI integrable couplings:
The first nonlinear equation in the above new system can be given
Completion of the vector AKNS integrable couplings
We consider the matrix iso-spectral problem
is a n− order unit matrix. Here, a nonlinear perturbation term h is added to the spectral matrix.
When ε = 0, it reduces the case of vector AKNS integrable couplings [22, 23] . Based on thus spectral matrix, we can work out the complete system of the vector AKNS integrable couplings by standard procedure.
where b, e are row vectors, c, f are column vectors, and a, d are real numbers.
Let us seek a formal solution of the type
The Eq. For any integer m ≥ 1, we introduce
where δ m is undetermined function. Thus, the corresponding zero curvature equation (2.2) with U , V defined in (32) and (36) give rise to a hierarchy
r tm = 2e m+1 + 2δ m r,
Based on(34) and (37), we can have
So, we can choose δ m = −2εd m+1 . The complete system of the vector AKNS integrable couplings are generated
The first nonlinear equation in the above new system is 
Completion of the discrete integrable couplings
In this section, we will show that the procedure of constructing the completion of the integrable couplings can be applied to the discrete systems. In the following, we will take the Volterra lattice hierarchy as an example to illustrate it.
Completion of the Volterra integrable couplings
A generalized discrete spectral problem for the Volterra lattice hierarchy is given by
where E is the shift operator and (E m f )(n) = f m (n) = f (n+m). Here, a nonlinear perturbation term h is added to the spectral matrix. When ε = 0, it reduces the integrable couplings of Volterra lattice hierarchy [10, 24] . Based on this spectral matrix, we can work out the complete system of the Volterra lattice integrable couplings.
Upon setting
The discrete stationary zero curvature equation (EΓ)U − U Γ = 0 gives
Let Γ possess the Laurent expansions
The Eq. (41) equivalently leads to
Upon choosing a 0 = 
The compatibility conditions of the matrix discrete spectral problem
determine the the complete system of the Volterra lattice integrable couplings
The first nonlinear equation in the above new system is
Completion of the super integrable couplings
In this section, we will take super Dirac and super NLS-mKdV integrable hierarchies to show that the procedure of constructing the completion of the integrable couplings can be applied to the super integrable system [25, 26, 27] .
Completion of super Dirac integrable couplings
Now we consider the following super spectral problem
Here we would like to point out that p, q, r, s, α, β, ξ and η are all functions of x and t.
p, q, r, s and λ are bosonic, and α, β, ξ and η are fermionic. In the spectral problem (45), a nonlinear perturbation term h is added. When ε = 0, it reduces the case of super Dirac integrable couplings [28] .
The Eq. (47) equivalently leads to
Choosing the initial values as
and assuming
, and ν i . The first two sets are:
σ 2 = α x − εβ(qs + pr + αη + ξβ), ρ 2 = −β x − εα(qs + pr + αη + ξβ),
For any integer m ≥ 1, we take 
where δ m is undetermined function. Thus, the corresponding zero curvature equation (2.2) with U , V defined in (45) and (50) yields
r tm = 2f m+1 + 2sδ m ,
Based on (47) and (51), we can have δ mx = h tm = ε(q tm s + qs tm + p tm r + pr tm + αη tm + α tm η + ξβ tm + ξ tm β)
So, we can choose δ m = εg m+1 . The complete system of the super dirac integrable couplings are
The first nonlinear super system is 
−εα x (pr + qs − αη) + ε 2 β[qs(qs + 2pr + 2αη) + pr(pr + 2αη)],
−εβ x (pr + qs + ξβ) − ε 2 α[pr(pr + 2qs + 2βξ) + qs(qs + 2βξ)],
[βpr(pr + 2qs + 2ξη + 2αη + pr)
Completion of super NLS-mKdV integrable couplings
Similar to the case of the super dirac hierarchy, in this section, we will briefly show how to construct the complete system of the super NLS-mKdV integrable couplings. Firstly, we consider the following super spectral problem
, h = ε(qs−pr +αη +ξβ). (53) with p, q, r, s, α, β, ξ, and η are all functions of x and t, p, q, r, s , λ are bosonic, and α, β, ξ, η are fermionic. Here, h is an added nonlinear perturbation term. When ε = 0, it reduces the case of super NLS-mKdV integrable couplings [29] .
The stationary zero curvature equation
i+1,x = −2sc i+1 + 2rb i+1 + 2pf i+1 − 2qg i+1 + αν i+1 + ξσ i+1 + ξσ i+1 + βµ i+1 , f i+1 = 
Thus, the corresponding zero curvature equation (2.2) with U , V defined in (53) and (56) determine the complete system of the super NLS-mKdV integrable couplings
In this system, the first equation is about u and the second equation is about u and v. At present paper, we construct a kind of new coupled system
by adding a perturbation term h in the spectral matrix, where h may be the combination of potential function and its derivatives. We call the system (58) "completion of the integrable couplings ". For this system, its Hamiltonian structure can also be constructed by variable identity. This method can be applied to continuous integrable couplings, discrete integrable couplings and super integrable couplings. As an example, we generate the complete integrable system of the KN integrable coupling and construct its Hamiltonian structure by variable identity. As application, we also construct the completion of the KN integrable coupling, the WKI integrable couplingsis, vAKNS integrable couplings, the Volterra integrable couplings, Dirac type integrable couplings and NLS-mKdV type integrable couplings.
